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1. Introduction 
In the past two decades, Micro-Electro-Mechanical-Systems (MEMS) have been one of the 
major advances of industrial technologies because of their lower cost in spite of supplying 
higher performance. MEMS covers micron-sized, electrically and/or mechanically driven 
devices. Having been derived initially from the integrated circuit (IC) fabrication 
technologies, MEMS devices are already emerging as products in both commercial and 
defense markets such as automotive, aerospace, medical, industrial process control, 
electronic instrumentation, office equipment, appliances, and telecommunications. Current 
products include: airbag crash sensors, pressure sensors, inkjet printer heads, lab-on-a-chip 
devices, etc. The study of microfluidics is crucial in MEMS investigations. Microfluidics may 
be defined as the fluid flow and heat transfer in microgeometries which by microgeometry 
we mean the geometries with the characteristic length scales of the order of 1-100 µm. 
Transport phenomena at microscale reveal many features that are not observed in 
macroscale devices. These features are quite different for gas and liquid flows. In gas 
microflows we encounter four important effects: compressibility, viscous heating, thermal 
creep, and rarefaction (Karniadakis et al., 2005). Liquid flows are encountered with other 
microscale features such as surface tension and electrokinetic effects.       
This chapter deals with the fundamentals of microfluidics and major developments in this 
area. The flow physics pertinent to microfluidics and their methods of simulation are 
numerous and there is not enough space to consider all of them. Therefore, we confine our 
presentation to gas slip flow and electrokinetics. Section 2 is devoted to gas slip flow in 
microchannels with special attention to its basic concepts along with emerging features such 
as slip velocity, temperature jump, thermal creep, viscous dissipation, and Shear work at 
solid boundaries. Section 3 deals with electrokinetic phenomena such as electroosmosis and 
streaming potential effects. 
2. Gas flow in microchannels 
Design and optimization of many microdevices involve the analysis of gas flow through 
microchannels, as an important part of these devices. When characteristic length scale of the 
device is comparable with gas mean free path, continuum approach may be no longer valid, 
since the rarefaction effects are important. The deviation of the state of the gas from 
continuum behavior is measured by the Knudsen Number (ܭ݊). For a microchannel, the 
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Knudsen number is defined as ܭ݊ ൌ ߣ ܦ௛⁄ , where ܦ௛ is the channel hydraulic diameter and ߣ is the mean free path of gas molecules, given by ߣ ൌ ߤඥߨ ʹܴܶߩଶ⁄ , where ߤ is the dynamic 
viscosity, ܴ is the gas constant and ܶ and ߩ are the temperature and density of the gas, 
respectively (Kandlikar et al., 2006). Based on a classification given by Beskok and 
Karniadakis (1994), gas flow can be categorized into four regimes according to its Knudsen 
number. For ܭ݊ ൏ ͳͲିଷ, the gas is considered as a continuum, while for ܭ݊ ൐ ͳͲ it is 
considered as a free molecular flow. In the Knudsen number ranging between ͳͲିଷ and 10, 
two different regimes exist: slip flow ሺͳͲିଷ ൑ ܭ݊ ൑ Ͳ.ͳሻ and transition flow ሺͲ.ͳ ൏ ܭ݊ ൑ ͳͲሻ. 
In general, there are several rarefaction effects, such as discontinuities of velocity and 
temperature on boundary, non-Newtonian components of stress tensor, non-Fourier heat 
flux and formation of Knudsen boundary layer (Taheri et al., 2009). In the slip flow regime, 
deviations from the state of continuum are relatively small and the Navier-Stokes equations 
are still valid, except at the region next to the boundary which is known as Knudsen 
boundary layer. The Knudsen boundary layer is significant only up to distances of the order 
of one mean free path from the wall (Hadjiconstantinou, 2006). So, besides velocity and 
temperature discontinuities at the wall, its effects are negligible in slip flow regime and the 
Navier-Stokes equations may be applied to the whole domain. The velocity and temperature 
discontinuities are incorporated into the solution as boundary conditions. In the next 
subsection, slip flow boundary conditions along with other phenomena associated with gas 
flow in microchannels are introduced. 
2.1 Basic concepts 
2.1.1 Slip velocity and temperature jump 
In this subsection, an expression for the slip velocity given by Karniadakis et al. (2005) is 
derived and an expression will be introduced for the temperature jump. It should be pointed 
out that these expressions have been originally obtained for low pressure flows and we 
 
 
Fig. 1. Control surface for tangential momentum flux near a wall moving at velocity ݑ௪ 
therefore use a similarity between fluid flow at microscale  and that at low pressures. For 
validity of this similarity, it is necessary that the size of gas molecules be negligible 
compared with the characteristic length of the channel (Kandlikar et al., 2006). In slip flow 
regime, the minimum length scale corresponds to ܭ݊ ൌ Ͳ.ͳ. The molecular diameter and the 
mean free path at atmospheric conditions for air are about Ͳ.Ͷʹ nm and ͸͹ nm, respectively. 
Therefore, at ܭ݊ ൌ Ͳ.ͳ, the characteristic length of the device is about ͸͹Ͳ nm. So the ratio of 
the channel length to the gas molecular diameter is about 1595. Therefore, it seems that the 
ݐ
݊
ݏ
ߣ
ݑఒ 
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size of gas molecules is negligible compared with the characteristic length of the channel for 
slip flow regime and, consequently, the similarity may be used for this flow regime. 
The tangential momentum flux on a surface ݏ located near the wall shown in Fig. 1 is given 
by ͳͶ ݊௦݉ݒҧݑ௦ (1)
in which ݊௦ is the number density of the molecules crossing surface ݏ, ݉ is the molecular 
mass, ݑ௦ is the tangential (slip) velocity of the gas on this surface, and ݒҧ is the mean thermal 
speed given by (Kennard, 1938)  ݒҧ ൌ ሺͺܴܶ ߨ⁄ ሻ଴.ହ (2)
We now assume that approximately half of the molecules passing through ݏ are coming 
from a layer of gas at a distance proportional to one mean free path away from the surface. 
The tangential momentum flux of these incoming molecules is written as ͳͶ ݊ఒ݉ݒҧఒݑఒ (3)
where the subscript ߣ indicates quantities evaluated one mean free path away from the 
surface. Since we have assumed that half of the molecules passing through ݏ are coming 
from ߣ away from this surface, therefore ݊ఒ ൌ ଵଶ ݊௦. The other half of the molecules passing 
through ݏ are reflected from the wall with a tangential momentum flux of  ͳͶ ݊௪݉ݒҧ௪ݑ௥ (4)
where the subscript ݓ indicates wall conditions, ݑ௥ shows the average tangential velocity of 
the molecules reflected from the wall, and the number density ݊௪ is equal to ଵଶ ݊௦. For 
determination of ݑ௥, the definition of tangential momentum accommodation coefficient, ܨ௠, 
should be used. Assuming that ܨ௠ fraction of the molecules are reflected from the wall with 
average tangential velocity corresponding to that of the wall, ݑ௪, and ሺͳ െ ܨ௠ሻ of the 
molecules are reflected from the wall conserving their average incoming tangential velocity, ݑఒ, we have            ݑ௥ ൌ ܨ௠ݑ௪ ൅ ሺͳ െ ܨ௠ሻݑఒ (5)
Therefore, the total tangential momentum flux on surface ݏ is given by ͳͶ ݊௦݉ݒҧݑ௦ ൌ ͳͶ ݊ఒ݉ݒҧఒݑఒ ൅ ͳͶ ݊௪݉ݒҧ௪ሾܨ௠ݑ௪ ൅ ሺͳ െ ܨ௠ሻݑఒሿ (6)
We now assume that the temperatures of the fluid and the surface are the same. So the mean 
thermal speeds become identical, i.e., ݒҧ௦ ൌ ݒҧఒ ൌ ݒҧ௪. By applying the aforementioned 
assumptions to the above equation, the slip velocity, ݑ௦, is obtained as follows  ݑ௦ ൌ ͳʹ ሾݑఒ ൅ ሺͳ െ ܨ௠ሻݑఒ ൅ ܨ௠ݑ௪ሿ (7)
Using a Taylor series expansion for ݑఒ about ݑ௦, results in 
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ݑ௦ ൌ ͳʹ ቈݑ௦ ൅ ߣ ൬߲ݑ߲݊൰௦ ൅ ߣଶʹ ቆ߲ଶݑ߲݊ଶቇ௦ ൅ ڮ ቉൅ ͳʹ ቊሺͳ െ ܨ௠ሻ ቈݑ௦ ൅ ߣ ൬߲ݑ߲݊൰௦ ൅ ߣଶʹ ቆ߲ଶݑ߲݊ଶቇ௦ ൅ ڮ ቉ ൅ ܨ௠ݑ௪ቋ (8)
where ݊ is the normal direction exiting the wall. This expansion ultimately results in the 
following slip relation on the boundaries   ݑ௦ െ ݑ௪ ൌ ʹ െ ܨ௠ܨ௠ ቈߣ ൬߲ݑ߲݊൰௦ ൅ ߣଶʹ ቆ߲ଶݑ߲݊ଶቇ௦ ൅ ڮ ቉ (9)
The above relation may be written dimensionless based on appropriate scale velocity and 
reference length as ݑ௦כ െ ݑ௪כ ൌ ʹ െ ܨ௠ܨ௠ ቈܭ݊ ൬߲ݑכ߲݊כ൰௦ ൅ ܭ݊ଶʹ ቆ߲ଶݑכ߲݊כଶቇ௦ ൅ ڮ ቉ (10)
If we truncate the above equation to include only up to first order terms in ܭ݊, we recover 
Maxwell’s first order slip boundary condition (Maxwell, 1879) ݑ௦כ െ ݑ௪כ ൌ ʹ െ ܨ௠ܨ௠ ܭ݊ ൬߲ݑכ߲݊כ൰௦ (11)
Karniadakis et al. (2005) have proposed the following general slip velocity, instead of Eq. (11) ݑ௦כ െ ݑ௪כ ൌ ʹ െ ܨ௠ܨ௠ ܭ݊ͳ െ ܾܭ݊ ൬߲ݑכ߲݊כ൰௦ (12)
where ܾ is a general slip coefficient. The value of ܾ is determined such that maximum 
agreement between the calculated velocity profiles with Direct Simulation Monte Carlo 
(DSMC) results is obtained. For channel flow, it has been shown that ܾ ൌ െͳ provides more 
accurate results. The above equations exclude the thermal creep effects, since they have been 
obtained based on isothermal condition. We will add the corresponding term due to the 
thermal creep to the above equation in the next sections.    
For the temperature jump, the following expression is given by Kennard (1938) which is 
obtained based on the kinetic theory of gases 
௦ܶכ െ ௪ܶכ ൌ ʹ െ ܨ௧ܨ௧ ʹߛͳ ൅ ߛ ܭ݊ܲݎ ൬߲ܶכ߲݊כ൰௦ (13)
in which ܨ௧ is the thermal accommodation coefficient, ߛ is the specific heat capacity ratio, 
and ܲݎ is the Prandtl number. Karniadakis et al. (2005) proposed the following form for the 
high order temperature jump condition by analogy with Eq. (10)   
௦ܶכ െ ௪ܶכ ൌ ʹ െ ܨ௧ܨ௧ ʹߛͳ ൅ ߛ ͳܲݎ ቈܭ݊ ൬߲ܶכ߲݊כ൰௦ ൅ ܭ݊ଶʹ ቆ߲ଶܶכ߲݊כଶቇ௦ ൅ ڮ ቉ (14)
2.1.2 Thermal creep 
The term thermal creep points out to rarefied gas flow due to tangential temperature 
gradients along the channel walls, where the fluid starts creeping in the direction from cold 
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towards hot. This phenomenon may be explained by means of the following example used 
by Karniadakis et al. (2005): Let us consider two containers filled with the same gas that are 
kept at the same pressure  
ଵܲ ൌ ଶܲ (15)
but at different temperatures 
ଵܶ ൐ ଶܶ (16)
It is now assumed that these two containers are connected with a relatively thin channel 
having the height of ܪ ا ߣ. In this situation, the intermolecular collisions are negligible 
compared with the interaction of molecules with the surfaces of the channel. Then, the 
assumption of ܨ௠ ൌ Ͳ will result in the validation of the following analysis. It is assumed 
that the density of the fluid is proportional to the number density ߩ ן ݊ (17)
and the temperature of the fluid is proportional to the square of average molecular speed, ܿҧ  ܶ ן ܿҧଶ (18)
The mass fluxes at the hot and the cold ends of the channel are ݉݊ଵܿҧଵ and ݉݊ଶܿҧଶ, 
respectively, with ݉ being the mass of the gas molecules. Then ݉݊ଵܿҧଵ݉݊ଶܿҧଶ ൎ ߩଵߩଶ ൬ ଵܶܶଶ൰଴.ହ ൌ ଵܲܲଶ ൬ ଶܶܶଵ൰଴.ହ ൌ ൬ ଶܶܶଵ൰଴.ହ ൑ ͳ (19)
in which the equation of state of ideal gas has been used, i.e., ܲ ൌ ߩܴܶ (20)
The above analysis indicates a flow creeping from cold to hot. A detailed derivation of 
thermal creep boundary condition is given by Kennard (1938) and the resultant velocity 
which should be added to Eq. (9) is as follows ݑ௖ ൌ Ͷ͵ ߤܴܲ ൬߲߲ܶݐ ൰௦ (21)
where ݑ௖ is the creep velocity, and ሺ߲ܶ ߲ݐ⁄ ሻ௦ is the tangential temperature gradient along the 
surface. Using the equation of state of ideal gas and the relation ߣ ൌ ߤඥߨ ʹܴܶߩଶ⁄ , Eq. (21) 
may be written as  ݑ௖ ൌ ͵ʹߨ ܴߩߣଶߤ ൬߲߲ܶݐ ൰௦ (22)
and in dimensionless form as  ݑ௖כ ൌ ͵ʹߨ ߛ െ ͳߛ ܴ݁ܭ݊ଶܧܿ ൬߲ܶכ߲ݐכ ൰௦ (23)
in which ܴ݁ ൌ ߩܷܦ௛ ߤ⁄  and ܧܿ ൌ ܷଶ ܿ௣∆ܶൗ  with ܷ and ∆ܶ being the reference velocity and 
temperature difference. Therefore, the complete expression for the slip velocity may be 
written as 
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ݑ௦כ െ ݑ௪כ ൌ ʹ െ ܨ௠ܨ௠ ቈܭ݊ ൬߲ݑכ߲݊כ൰௦ ൅ ܭ݊ଶʹ ቆ߲ଶݑכ߲݊כଶቇ௦ ൅ ڮ ቉ ൅ ͵ʹߨ ߛ െ ͳߛ ܴ݁ܭ݊ଶܧܿ ൬߲ܶכ߲ݐכ ൰௦ (24)
2.1.3 Viscous dissipation 
Viscous dissipation effects are typically only significant for high viscous flows or in presence 
of high gradients in velocity distribution. In macroscale, such high gradients occur in high 
velocity flows. In microscale devices, however, because of small dimensions, such high 
gradients may occur even for low velocity flows. So, for microchannels the viscous 
dissipation should be taken into consideration. Viscous dissipation features as a source term 
in the fluid flow due to the conversion of the kinetic motion of the fluid to the thermal 
energy and causes variation in the temperature distribution. The effects of viscous 
dissipation on the temperature field and ultimately on the friction factor have been 
investigated by Koo and Kleinstreuer (2003, 2004), using dimensional analysis and 
experimentally validated computer simulations. It was found that ignoring viscous 
dissipation could affect accurate flow simulations and measurements in microconduits. The 
effect of viscous dissipation in convective heat transfer is characterized by the Brinkman 
number, ܤݎ, which is the ratio of energy generated by viscous heating to the energy 
transferred by conduction at the solid boundaries, i.e., ܤݎ ൌ ߤܷଶݍܪ or  ܤݎ ൌ ߤܷଶ݇∆ܶ (25)
where ݍ is the wall heat flux and ܪ is the channel height or radius. Some theoretical studies 
has been undertaken to investigate viscous dissipation effects on the heat transfer features of 
the gas flow in microchannels of different cross section such as circular channel (Aydin and 
Avci, 2006), parallel plate and annular channel (Sadeghi and Saidi, 2010), and rectangular 
channel (Rij et al., 2009). 
2.1.4 Flow work and shear work at solid boundaries 
In this section, we discuss the effects of flow work and shear work at the boundary in slip 
flow and how these affect convective heat transfer in small scale channels. Flow work and 
shear work at the boundary have been neglected in the majority of the recent studies of 
viscous dissipation in slip flow convective heat transfer. However, flow work is of the same 
order of magnitude as viscous dissipation (Ou and Cheng, 1973). Also Hadjiconstantinou 
(2003) showed that, for rarefied flows, the effect of shear work scales with the Brinkman 
number. The effect of shear work on boundary is due to the slip velocity and it is zero at 
macroscale. This effect causes smaller amounts of the streamwise temperature gradient at 
slip flow regime. Therefore, in order to take it into account, one should consider its effects in 
evaluating the axial temperature gradient. Let us show the effects of shear work by 
considering the fully developed slip flow forced convection in a parallel plate microchannel 
with the channel half height of ܪ, which is shown in Fig. 2.  
The energy equation including the effects of viscous dissipation and flow work is written as ߩܿ௣ݑ ߲߲ܶݔ ൌ ݇ ߲ଶ߲ܶݕଶ ൅ ݑ dܲdݔ ൅ ߬௫௬ dݑdݕ (26)
In the above equation, ݑ dܲ dݔ⁄  and ߬௫௬ dݑ dݕ⁄  denote the rate of energy absorbed by flow 
work and generated by viscous heating, respectively. It is noteworthy that for a constant 
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wall heat flux, which is the case in this example, the axial conduction term in the energy 
equation is zero. The integral form of the above equation in the transverse direction becomes ߩܿ௣ܷܪ d ௕ܶdݔ ൌ ݍ ൅ ܷܪ dܲdݔ ൅ න ߬௫௬ dݑdݕ dݕு଴ (27)
in which ݍ is the thermal energy transferred from the wall to the fluid, ܷ is the mean 
velocity, and ௕ܶ is the bulk temperature defined as     
௕ܶ ൌ ׬ ݑܶdݕு଴ ܷܪ (28)
 
 
Fig. 2. Schematic of a parallel plate microchannel with coordinate system 
In addition to the thermal energy transfer, there is also dissipation due to shear work 
between the wall and the slipping gas. It is the sum of these two contributions that is 
responsible for the axial temperature gradient as shown by the integral form of the total 
(mechanical plus thermal) energy equation (Hadjiconstantinou, 2003) ߩܿ௣ܷܪ d ௕ܶdݔ ൌ ݍ ൅ ݑ௦߬௫௬,௦ (29)
in which ݑ௦ is the slip velocity and ߬௫௬,௦ ൌ ߤሺdݑ dݕ⁄ ሻ௦ is the wall shear stress. In Eq. (29), ݑ௦߬௫௬,௦ is the dissipation due to shear work between the wall and the slipping gas and it is 
zero at no slip condition. Equations (27) and (29) are linked by the mechanical energy 
balance Ͳ ൌ െݑ dܲdݔ ൅ ݑ d߬௫௬dݕ ൌ െݑ dܲdݔ ൅ d൫ݑ߬௫௬൯dݕ െ ߬௫௬ dݑdݕ (30)
which integrates to  ݑ௦߬௫௬,௦ ൌ ܷܪ dܲdݔ ൅ න ߬௫௬ dݑdݕ dݕு଴ (31)
and shows that the viscous heating and flow work terms in Eq. (27) are, in effect, 
representing the contribution of the shear work at the wall. Hadjiconstantinou (2003) 
obtained the Nusselt number based on the total heat exchange between the wall and the 
flow, ܰݑ௧, as 
ݕ
ݍ
ʹܪݔFlow
ݍ
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ܰݑ௧ ൌ ܰݑ ൅ Ͷܪݑ௦߬௫௬,௦݇ሺ ௪ܶ െ ௕ܶሻ (32)
with ܰݑ ൌ Ͷܪݍ ݇ሺ ௪ܶ െ ௕ܶሻ⁄  being the Nusselt number based on the thermal energy 
exchange. In spite of their importance, the effects of flow work and shear work at 
boundaries have rarely been investigated in the literature. The only work performed is by 
Rij et al (2009) which numerically investigated slip flow forced convection in rectangular 
microchannels.  
2.2 Slip flow forced convection 
In this section, we consider slip flow forced convection in microchannels. First, a solution is 
derived for forced convection with viscous dissipation in a parallel plate microchannel and, 
afterwards, the other progresses in the literature will shortly be presented. Let us consider 
fully developed forced convection in a parallel plate microchannel with constant wall heat 
fluxes which was shown in Fig. 2. The momentum equation in ݔ-direction and relevant 
boundary conditions may be written as  dଶݑdݕଶ ൌ ͳߤ d݌dݖ ൌ const.
(33)ݑሺுሻ ൌ െ ʹ െ ܨ௠ܨ௠ ܭ݊ܦ௛ ൬dݑdݕ൰ሺுሻ  and ൬dݑdݕ൰ሺ଴ሻ ൌ Ͳ
here ܦ௛ ൌ Ͷܪ. The dimensionless velocity distribution will then be  
ݑכ ൌ ͵ʹ ൮ͳ െ ݕכଶ ൅ ͺ ʹ െ ܨ௠ܨ௠ ܭ݊ͳ ൅ ͳʹ ʹ െ ܨ௠ܨ௠ ܭ݊ ൲ (34)
in which ݕכ ൌ ݕ ܪ⁄ , ݑכ ൌ ݑ ܷ⁄  and ܷ is the mean velocity.   
The energy equation including the effects of viscous dissipation and relevant boundary 
conditions are written as  
ݑ ߲߲ܶݖ ൌ ߙ ߲ଶ߲ܶݕଶ ൅ ܿߥ௣ ൬dݑdݕ൰ଶ
(35)ሺܶ௫,ுሻ െ ௪ܶ ൌ െ ʹ െ ܨ௧ܨ௧ ͺߛͳ ൅ ߛ ܭ݊ܪܲݎ ൬߲߲ܶݕ൰ሺ௫,ுሻ and ൬߲߲ܶݕ൰ሺ௫,଴ሻ ൌ Ͳ
We introduce dimensionless temperature as follows, which only depends on ݕ for fully 
developed flow ߠሺݕሻ ൌ ܶ െ ௦ܶݍ݇ܪ (36)
in which ௦ܶ is the gas temperature at the wall. Taking differentiation of Eq. (36) with respect 
to ݔ gives 
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From an energy balance on a length of duct dݔ, the following expression is obtained for d ௕ܶ dݔ⁄  d ௕ܶdݔ ൌ ݍߩܿ௣ܷܪ ۏێێ
ۍͳ ൅ ͳʹܤݎቀͳ ൅ ͳʹ ʹ െ ܨ௠ܨ௠ ܭ݊ቁଶےۑۑ
ې (38)
in which ܤݎ ൌ ߤܷʹ Ͷݍܪൗ . The energy equation then is modified into the following 
dimensionless form dଶߠdݕכଶ ൌ ܽ െ ܾݕכଶ (39)
with the following coefficients  
ܽ ൌ ͵ሺͳ ൅ ͺ ʹ െ ܨ௠ܨ௠ ܭ݊ሻʹ ቀͳ ൅ ͳʹ ʹ െ ܨ௠ܨ௠ ܭ݊ቁ ۏێێ
ۍͳ ൅ ͳʹܤݎቀͳ ൅ ͳʹ ʹ െ ܨ௠ܨ௠ ܭ݊ቁଶےۑۑ
ې 
(40)ܾ ൌ ͵ʹ ቀͳ ൅ ͳʹ ʹ െ ܨ௠ܨ௠ ܭ݊ቁ ൅ ͵͸ܤݎቀͳ ൅ ͳʹ ʹ െ ܨ௠ܨ௠ ܭ݊ቁଶ ൅ ͳͺܤݎቀͳ ൅ ͳʹ ʹ െ ܨ௠ܨ௠ ܭ݊ቁଷ 
The thermal boundary conditions in the dimensionless form are written as  ൬ dߠdݕכ൰ሺ଴ሻ ൌ Ͳ ,  ߠሺଵሻ ൌ Ͳ (41)
Using Eq. (39) and applying boundary conditions (41), the dimensionless temperature 
distribution is obtained as ߠሺݕכሻ ൌ െ ܽʹ ൫ͳ െ ݕכଶ൯ ൅ ͳܾʹ ൫ͳ െ ݕכସ൯ (42)
On the other hand, Eq. (42) which is in terms of ௦ܶ can be transformed into an equation in 
terms of ௪ܶ, using the following conversion formula ௪ܶ െ ௦ܶݍ݇ܪ ൌ ʹ െ ܨ௧ܨ௧ ͺߛͳ ൅ ߛ ܭ݊ܲݎ (43)
 So that Eq. (42) becomes ߠכሺݕכሻ ൌ ܶ െ ௪ܶݍ݇ܪ ൌ ܶ െ ௦ܶݍ݇ܪ െ ௪ܶ െ ௦ܶݍ݇ܪ ൌ െ ܽʹ ൫ͳ െ ݕכଶ൯ ൅ ͳܾʹ ൫ͳ െ ݕכସ൯ െ ʹ െ ܨݐܨݐ ͺߛͳ ൅ ߛ ܭ݊ܲݎ  (44)
To obtain the Nusselt number, first the dimensionless bulk temperature ߠ௕כ must be 
calculated, which is given by 
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ߠ௕כ ൌ ׬ ݑכߠכdݕכଵ଴׬ ݑכdݕכଵ଴ ൌ ͵Ͷ ቀͳ ൅ ͳʹ ʹ െ ܨ௠ܨ௠ ܭ݊ቁ ൤൬ͳ ൅ ͺ ʹ െ ܨ௠ܨ௠ ܭ݊൰ ൬ʹ െ ͺ͵ ܽ ൅ Ͷͷ ܾ൰ െ ʹ͵ ൅ Ͷͷ ܽെ ͳ͸͸͵ ܾ൨ െ ʹ െ ܨ௧ܨ௧ ͺߛͳ ൅ ߛ ܭ݊ܲݎ
(45)
Based on definition, the Nusselt number is written as ܰݑ ൌ ݄ܦ௛݇ ൌ ݍܦ௛݇ሺ ௪ܶ െ ௕ܶሻ ൌ െ Ͷߠܾכ (46)
Some of the results obtained for this example are now depicted using ܨ௠ ൌ ܨ௧ ൌ ͳ. Figure 3 
depicts transverse distribution of dimensionless velocity at different values of Knudsen 
number. As a result of slip conditions, slip velocities occur at the walls. An increase in ܭ݊ 
results in an increase in the slip velocities at the walls, while according to mass conservation, 
the maximum velocity decreases. Note that as Knudsen number increases the velocity 
gradient becomes smaller, especially at the walls at which the maximum decrease occurs. 
 
 
Fig. 3. Transverse distribution of dimensionless velocity at different values of Knudsen 
number 
The effect of rarefaction on dimensionless temperature profile is illustrated in Fig. 4. As 
observed, to increase Knudsen number is to decrease dimensionless temperature as a result 
of temperature jump at the wall. 
Figure 5 illustrates the Nusselt number values versus Knudsen number at different 
Brinkman numbers. Both positive and negative values of the heat fluxes at the walls are 
considered. Positive values of Brinkman number correspond to the wall cooling case where 
heat is transferred from the walls to the fluid, while the opposite is true for negative values 
of Brinkman number. For each case, the viscous dissipation behaves like an energy source 
increasing the temperature of the fluid especially near the wall since the highest shear rate 
occurs at this region while it is zero at the centerline. In the absence of viscous dissipation, 
the distribution of dimensionless temperature is independent of whether the wall is heated 
or cooled. As seen, for wall cooling case, which corresponds to positive values of Brinkman 
number, viscous dissipation decreases the Nusselt number. Viscous heating increases the 
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difference between the wall and the bulk temperatures. Thus for a constant value of wall 
heat flux, according to Eq. (46), the Nusselt number values decrease. For wall heating case, 
as expected, viscous heating leads to greater values of Nusselt number. Increasing values of 
Knudsen number result in decreasing the values of Nusselt number for wall cooling case 
and also for no viscous heating case. But for wall heating case at small values of Knudsen 
number, an increment of Knudsen number values leads to a larger amount of  Nusselt, 
while the opposite is true for larger values of Knudsen. For all cases, the effect of Brinkman 
number on Nusselt number becomes insignificant at larger values of Knudsen number. This 
is due to the fact that the slip velocity tends to unify the velocity profile which leads to 
smaller velocity gradients and consequently smaller shear rates, which in the following 
reduces viscous heating effects. 
 
 
Fig. 4. Effect of rarefaction on dimensionless temperature profile for no viscous heating case 
 
 
Fig. 5. Nusselt number values versus Knudsen number at different Brinkman numbers 
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Fig. 6. Nusselt number in the entrance region for different Knudsen numbers (Sadeghi et al., 
2009) 
Slip flow forced convection in microchannels has widely been investigated in the literature. 
Aydin and Avci (2006, 2007) analytically studied fully developed laminar slip flow forced 
convection in a micropipe and microchannel between two parallel plates. The thermally 
developing cases have been studied by Jeong and Jeong (2006a, 2006b) by taking the effects 
of viscous dissipation and streamwise conduction into account. Fully developed laminar 
slip flow forced convection in a rectangular microchannel was studied by Tunc and 
Bayazitoglu (2002), using integral transform method. The thermally developing case has 
been studied by Yu and Ameel (2001) by applying a modified generalized integral transform 
technique to solve the energy equation, assuming hydrodynamically fully developed flow. 
Sadeghi et al. (2009) have performed a boundary layer analysis for simultaneously 
developing flow through parallel plate microchannels with constant wall temperatures. The 
results showed that an increment in Knudsen number leads to a larger amount of 
hydrodynamic entry length. They proposed the following correlation for Nusselt number in 
the entrance region 
ܰݑ ൌ ͵ ۖەۖ۔
ۓߜܦ ൅ ͸ߛͳ ൅ ߛ ܭ݊ܲݎ െ ቀ͵ܭ݊ ൅ ͳͻ͸Ͳ ߜܦቁ ቀߜܦቁଶቈͺܭ݊ ߜܦ ൅ Ͷ͵ ቀߜܦቁଶ ൅ ቀͳ െ ʹ ߜܦቁ ቀͶܭ݊ ൅ ߜܦቁ቉ۙۘۖ
ۖۗିଵ (47)
where ܦ is the channel width and ߜ is the boundary layer thickness. Figure 6 depicts the 
above correlation for different Knudsen numbers at ܲݎ ൌ ͳ. It can be seen that the effects of 
rarefaction are more significant at the inlet. 
2.3 Slip flow free convection 
In comparison with forced convection, much less attention has been given to free convection 
slip flow in the literature. The first work in this field has been done by Chen and Weng 
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(2005), which analytically studied fully developed natural convection in an open-ended 
vertical parallel plate microchannel with asymmetric wall temperature distributions. They 
showed that the Nusselt number based on the channel width is given by 
ܰݑ ൌ ͳ െ ଶܶ െ ଴ܶଵܶ െ ଴ܶͳ ൅ ʹ ʹ െ ܨ௧ܨ௧ ܭ݊ (48)
where ଵܶ and ଶܶ are the wall temperatures and ଴ܶ is the free stream temperature. Chen and 
Weng afterwards extended their works by taking the effects of thermal creep (2008a) and 
variable physical properties (2008b) into account. Natural convection gaseous slip flow in a 
vertical parallel plate microchannel with isothermal wall conditions was numerically 
investigated by Biswal et al. (2007), in order to analyze the influence of the entrance region 
on the overall heat transfer characteristics. Chakraborty et al. (2008) performed a boundary 
layer integral analysis to investigate the heat transfer characteristics of natural convection 
gas flow in symmetrically heated vertical parallel plate microchannels. It was revealed that 
for low Rayleigh numbers, the entrance length is only a small fraction of the total channel 
extent. 
2.4 Thermal creep effects 
When the channel walls are subject to constant temperature, the thermal creep effects 
vanish at the fully developed conditions. However, for a constant heat flux boundary 
condition, the effects of thermal creep may become predominant for small Eckert numbers. 
 
 
Fig. 7. Variation of average Nusselt number as a function of the channel length, ܮ, for 
different values of ܧܿ with ܭ݊ ൌ  Ͳ.Ͳ͵ (Chen and Weng, 2008a) 
The effects of thermal creep for parallel plate and rectangular microchannels have been 
investigated by Rij et al. (2007) and Niazmand et al. (2010), respectively. As mentioned 
before, Chen and Weng (2008a) studied the effects of creep flow in steady natural 
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convection in an open-ended vertical parallel plate microchannel with asymmetric wall heat 
fluxes. It was found that the thermal creep has a significant effect which is to unify the 
velocity and pressure and to elevate the temperature. Moreover, the effect of thermal creep 
was found to be enhancing the flow rate and heat transfer rate and reducing the maximum 
gas temperature and flow drag. Figure 7 shows the variation of average Nusselt number as a 
function of the channel length, ܮ, for different values of ܧܿ with ܭ݊ ൌ  Ͳ.Ͳ͵. Note that ߦ is 
the ratio of the wall heat fluxes. It can be seen that the thermal creep significantly increases 
the average Nusselt number. 
3. Electrokinetics 
In this section, we pay attention to electrokinetics. Electrokinetics is a general term 
associated with the relative motion between two charged phases (Masliyah and 
Bhattacharjee, 2006). According to Probstein (1994), the electrokinetic phenomena can be 
divided into the following four categories  
• Electroosmosis is the motion of ionized liquid relative to the stationary charged surface 
by an applied electric field. 
• Streaming potential is the electric field created by the motion of ionized fluid along 
stationary charged surfaces. 
• Electrophoresis is the motion of the charged surfaces and macromolecules relative to the 
stationary liquid by an applied electric field. 
• Sedimentation potential is the electric field created by the motion of charged particles 
relative to a stationary liquid. 
Due to space limitations, only the first two effects are being considered here. The study of 
electrokinetics requires a basic knowledge of electrostatics and electric double layer. 
Therefore, the next section is devoted to these basic concepts.   
3.1 Basic concepts 
3.1.1 Electrostatics 
Consider two stationary point charges of magnitude ܳଵ and ܳଶ in free space separated by a 
distance ܴ. According to the Coulomb’s law the mutual force between these two charges, ۴ଵଶ, is given by  Fଵଶ ൌ ܳଵܳଶͶߨߝ଴ܴଶ rଵଶ (49)
in which ܚଵଶ is a unit vector directed from ܳଵ towards ܳଶ. Here, ߝ଴ is the permittivity of 
vacuum which its value is ͺ.ͺͷͶ ൈ ͳͲିଵଶCVିଵmିଵ with C (Coulomb) being the SI unit of 
electric charge. The electric field ۳ at a point in space due to the point charge ܳ is defined as 
the electric force ۴ acting on a positive test charge ܳ௧ placed at that point divided by the 
magnitude of the test charge, i.e.,  E ൌ Fܳݐ ൌ ܳͶߨߝͲܴʹ r (50)
where ܚ is a unit vector directed from ܳ towards ܳ௧. One can generalize Eq. (50) by 
replacing the discrete point charge by a continuous charge distribution. The electric field 
then becomes 
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where the integration is over the entire charge distribution and ߩ௘ is the electrical charge 
density which may be per line, surface, or volume.   
Let us pay attention to the Gauss’s law, a useful tool which relates the electric field strength 
flux through a closed surface to the enclosed charge. To derive the Gauss’s law, we consider 
a point charge ܳ located in some arbitrary volume, ܸ, bounded by a surface ܵ as shown in 
Fig. 8. 
 
 
Fig. 8. Point charge ܳ bounded by a surface ܵ.  
The electric field strength at the element of surface dܵ due to the charge ܳ is given by E ൌ ܳͶߨߝͲܴʹ r (52)
where the unit vector ܚ is directed from the point charge towards the surface element dܵ. 
Performing dot product for Eq. (52) using ܖdܵ with ܖ being the unit outward normal vector 
to the bounding surface and integrating over the bounding surface S, we come up with  
ර ሺE · nሻdܵௌ ൌ ර ܳͶߨߝ଴ܴଶ ሺr · nሻdܵௌ (53)
The term ሺܚ · ܖሻdܵ ܴʹ⁄  represents the element of solid angle dΩ. Therefore, the above 
equation becomes ර ሺE · nሻdܵௌ ൌ ͳͶߨߝͲ න ܳdߗͶߨͲ (54)
Upon integration, Eq. (54) gives 
ර ሺE · nሻdܵௌ ൌ ܳߝ଴ (55)
Equation (55) is the integral form of the Gauss’s law or theorem. The differential form of the 
Gauss’s law can be derived quite readily using the divergence theorem, which states that න ሺE · nሻdܵௌ ൌ න ሺ׏ · Eሻdܸ௏ (56)
ܵ 
ܚ ܳ dܸܵ
 
ܴ ܖ 
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and the total charge ܳ may be written based on the charge density as  
ܳ ൌ න ߩ௘dܸ௏ (57)
The following equation is obtained, using Eqs. (55) to (57)  
න ሺ׏ · Eሻdܸ௏ ൌ ͳߝ଴ න ߩ௘dܸ௏ (58)
Since the volume ܸ is arbitrary, therefore ׏ · E ൌ ߩ௘ߝ଴ (59)
The above is the differential form of the Gauss’s law. 
Using Eq. (50), it is rather straightforward to show that  ׏ ൈ E ൌ Ͳ (60)
From the above property, it may be considered that the electric field is the gradient of some 
scalar function, ߰, known as electric potential, i.e.,  E ൌ െ׏߰ (61)
By substituting the electric field from Eq. (61) into Eq. (59), we come up with the Poison 
equation: ׏ଶ߰ ൌ െ ߩ௘ߝ଴ (62)
 
 
Fig. 9. Polarization of a dielectric material in presence of an electric field 
All the previous results are pertinent to the free space and are not useful for practical 
applications. Therefore, we should modify them by taking into account the materials 
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electrical properties. It is worth mentioning that from the perspective of classical 
electrostatics, the materials are broadly categorized into two classes, namely, conductors 
and dielectrics. Conductors are materials that contain free electric charges. When an 
electrical potential difference is applied across such conducting materials, the free charges 
will move to the regions of different potentials depending on the type of charge they carry. 
On the other hand, dielectric materials do not have free or mobile charges. When a dielectric 
is placed in an electric field, electric charges do not flow through the material, as in a 
conductor, but only slightly shift from their average equilibrium positions causing dielectric 
polarization. Because of dielectric polarization, positive charges are displaced toward the 
field and negative charges shift in the opposite direction. This creates an internal electric 
field that partly compensates the external field inside the dielectric. The mechanism of 
polarization is schematically shown in Fig. 9. 
 
 
Fig. 10. Schematic of a dipole. 
We should now derive the relevant electrostatic equations for a dielectric medium. In the 
presence of an electric field, the molecules of a dielectric material constitute dipoles. A 
dipole, which is shown in Fig. 10, comprises two equal and opposite charges, ൅ܳ and – ܳ, 
separated by a distance ݀. Dipole moment, a vector quantity, is defined as ܳ܌, where ܌ is the 
vector orientation between the two charges. The polarization density, ۾, is defined as the 
dipole moment per unit volume. It is thus given by P ൌ ܰܳd (63)
where ܰ is the number of dipoles per unit volume. For homogeneous, linear, and isotropic 
dielectric medium, when the electric field is not too strong, the polarization is directly 
proportional to the applied field, and one can write    P ൌ ߯ߝ଴E (64)
Here χ is a dimensionless parameter known as electric susceptibility of the dielectric 
medium. The following relation exists between the polarization density and the volumetric 
polarization (or bound) charge density, ߩ௣   ׏ · P ൌ െߩ௣ (65)
Within a dielectric material, the total volumetric charge density is made up of two types of 
charge densities, a polarization and a free charge density     ߩ௘ ൌ ߩ௣ ൅ ߩ௙ (66)
One can combine the definition of total charge density provided by Eq. (66) with the Gauss’s 
law, Eq. (59), to get 
െܳ ൅ܳ܌ 
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By substituting the polarization charge, from Eq. (65), the divergence of the electric field 
becomes ׏ · E ൌ ͳߝ଴ ሺ׏ · P ൅ ߩ௙ሻ (68)
which may be rearranged as  ׏ · ሺߝ଴E ൅ Pሻ ൌ ߩ௙ (69)
The polarization may be substituted from Eq. (64) and the outcome is the following  ׏ · ሾߝ଴ሺͳ ൅ ߯ሻEሿ ൌ ߩ௙ (70)
Let ߝ ൌ ߝ଴ሺͳ ൅ ߯ሻ (71)
We will call ߝ the permittivity of the material. Therefore, Eq. (70) becomes ׏ · ሺߝEሻ ൌ ߩ௙ (72)
For constant permittivity, Eq. (72) gives  ߝ׏ · E ൌ ߩ௙ (73)
which is Maxwell’s equation for a dielectric material. Equation (73) may be written as ߝ଴ߝ௥׏ · E ൌ ߩ௙ (74)
with ߝ௥ ൌ ሺͳ ൅ ߯ሻ being the relative permittivity of the dielectric material. The minimum 
value of ߝ௥ is unity for vacuum. Its value varies from near unity for most gases to about 80 
for water. Substituting for the electric field from Eq. (61), Eq. (73) becomes    ׏ଶ߰ ൌ െ ߩ௙ߝ (75)
Equation (75) represents the Poisson’s equation for the electric potential distribution in a 
dielectric material.  
3.1.2 Electric double layer  
Generally, most substances will acquire a surface electric charge when brought into contact 
with an electrolyte medium. The magnitude and the sign of this charge depend on the 
physical properties of the surface and solution. The effect of any charged surface in an 
electrolyte solution will be to influence the distribution of nearby ions in the solution, and 
the outcome is the formation of an electric double layer (EDL). The electric double layer, 
which is shown in Fig. 11, is a region close to the charged surface in which there is an excess 
of counterions over coions to neutralize the surface charge. The EDL consists of an inner 
layer known as Stern layer and an outer diffuse layer. The plane separating the inner layer 
and outer diffuse layer is called the Stern plane. The potential at this plane, ߰ௌ, is close to the 
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electrokinetic potential or zeta ሺߞሻ potential, which is defined as the potential at the shear 
surface between the charged surface and the electrolyte solution. Electrophoretic potential 
measurements give the zeta potential of a surface. Although one at times refers to a “surface 
potential”, strictly speaking, it is the zeta potential that needs to be specified (Masliyah and 
Bhattacharjee, 2006). The shear surface itself is somewhat arbitrary but characterized as the 
plane at which the mobile portion of the diffuse layer can slip or flow past the charged 
surface (Probstein, 1994). 
 
 
Fig. 11. Structure of electric double layer 
The spatial distribution of the ions in the diffuse layer may be related to the electrostatic 
potential using Boltzmann distribution. It should be pointed out that the Boltzmann 
distribution assumes the thermodynamic equilibrium, implying that it may be no longer 
valid in the presence of the fluid flow. However, in most electrokinetic applications, the 
Peclet number is relatively low, suggesting that using this distribution does not lead to 
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significant error. At a thermodynamic equilibrium state, the probability that the system 
energy is confined within the range ܹ and ܹ ൅ dܹ is proportional to dܹ, and can be 
expressed as ࣪ሺܹሻdܹ with ࣪ሺܹሻ being the probability density, given by  ࣪ ן ݁ቀି ௐ௞ಳ்ቁ (76)
where ܶ is the absolute temperature and ݇஻ ൌ ͳ.͵ͺ ൈ ͳͲିଶଷ J K⁄  is the Boltzmann constant. 
Equation (76), initially derived by Boltzmann, follows from statistical considerations.    
Here, ܹ corresponds to a particular location of an ion relative to a suitable reference state. 
An appropriate choice may be the work ܹ required to bring one ion of valence ݖ௜ from 
infinity, at which ߰ ൌ Ͳ, to a given location ݎ having a potential ߰. This ion, therefore, 
possess a charge of ݖ௜݁ with ݁ ൌ ͳ.͸ ൈ ͳͲିଵଽC  being the proton charge. Consequently, the 
system energy will be ݖ௜݁߰ and, as a result, the probability density of finding an ion at 
location ݔ will be ࣪ ן ݁൬ି௭೔௘ట௞ಳ் ൰ (77)
Similarly, the probability density of finding the ion at the neutral state at which ߰ ൌ Ͳ is 
଴࣪ ן ݁ሺ଴ሻ (78)
The ratio of ࣪ to ଴࣪ is taken as being equal to the ratio of the concentrations of the species ݅ 
at the respective states. Combining Eqs. (77) and (78) results in  ݊௜ ൌ ݊௜ஶ݁൬ି௭೔௘ట௞ಳ் ൰ (79)
where ݊௜∞ is the ionic concentration at the neutral state and ݊௜ is the ionic concentration of 
the ݅୲୦  ionic species at the state where the electric potential is ߰. The valence number ݖ௜ can 
be either positive or negative depending on whether the ion is a cation or an anion, 
respectively. As an example, for the case of CaCl2 salt, ݖ for the calcium ion is +2 and it is −1 
for the chloride ion.    
We are now ready to investigate the potential distribution throughout the EDL. The charge 
density of the free ions, ߩ௙, can be written in terms of the ionic concentrations and the 
corresponding valances as  
ߩ௙ ൌ ෍ ݖ௜݁݊௜ே௜ୀଵ ൌ ෍ ݖ௜݁݊௜ஶ݁൬ି௭೔௘ట௞ಳ் ൰ே௜ୀଵ (80)
For the sake of simplicity, it is assumed that the liquid contains a single salt dissociating into 
cationic and anionic species, i.e., ܰ ൌ ʹ. It is also assumed that the salt is symmetric 
implying that both the cations and anions have the same valences, i.e., ݖା ൌ െݖି ൌ ݖ (81)
The charge density, thus, will be of the following form ߩ௙ ൌ ݖା݁݊ା ൅ ݖି݁݊ି ൌ ݖ݁݊ஶ݁൬ି௭௘ట௞ಳ் ൰ െ ݖ݁݊ஶ݁൬௭௘ట௞ಳ் ൰ (82)
or 
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ߩ௙ ൌ െʹݖ݁݊ஶ sinh ൬ݖ݁߰݇஻ܶ ൰ (83)
in which ݊ା∞ ൌ ݊ି∞ ൌ ݊∞. Let us know consider the parallel plate microchannel which was 
shown in Fig. 2. By introducing Eq. (83) into the Poisson’s equation, given by Eq. (75), the 
following differential equation is obtained for the electrostatic potential  dଶ߰dݕଶ ൌ െ ʹݖ݁݊ஶߝ sinh ൬ݖ݁߰݇஻ܶ ൰ (84)
The above nonlinear second order one dimensional equation is known as Poisson-
Boltzmann equation. Yang et al. (1998) have shown with extensive numerical simulations 
that the effect of temperature on the potential distribution is negligible. Therefore, the 
potential field and the charge density may be calculated on the basis of an average 
temperature, ௔ܶ௩. Using this assumption, Eq. (84) in the dimensionless form becomes  dଶ߰כdݕכଶ ൌ ʹ݊ஶ݁ଶݖଶߝ݇஻ ௔ܶ௩ ܪଶsinh߰כ (85)
where ߰כ ൌ ݁ݖ߰ ݇஻ ௔ܶ௩⁄  and ݕכ ൌ ݕ ܪ⁄ . The quantity ሺʹ݊ஶ݁ଶݖଶ ߝ݇஻ ௔ܶ௩⁄ ሻିଵ ଶ⁄  is the so-called 
Debye length, ߣ஽, which characterizes the EDL thickness. It is noteworthy that the general 
expression for the Debye length is written as ൫ʹ݁ଶ ∑ ݊௜ஶݖ௜ଶே௜ୀଵ ߝ݇஻ ௔ܶ௩⁄ ൯ିଵ ଶ⁄ . Defining Debye-
Huckel parameter as ߢ ൌ ͳ ߣ஽⁄ , we come up with  dଶ߰כdݕכଶ െ ߢଶܪଶsinh߰כ ൌ Ͳ (86)
If ߰כ is small enough, namely ߰כ ൑ ͳ, the term sinh߰כ can be approximated by ߰כ. This 
linearization is known as Debye-Huckel linearization. It is noted that for typical values of ௔ܶ௩ ൌ ʹͻͺK and ݖ ൌ ͳ, this approximation is valid for ߰ ൑ ʹͷ.͹mV. Defining dimensionless 
Debye-Huckel parameter, ߈ ൌ ߢܪ, and invoking Debye-Huckel linearization, Eq. (86) 
becomes   dଶ߰כdݕכଶ െ ߈ଶ߰כ ൌ Ͳ (87)
The boundary conditions for the above equation are ൬d߰כdݕכ ൰ሺ଴ሻ ൌ Ͳ ,  ߰כሺଵሻ ൌ ߞכ (88)
in which ߞכ is the dimensionless wall zeta potential, i.e., ߞכ ൌ ݁ݖߞ ݇஻ ௔ܶ௩⁄ . Using Eq. (87) and 
applying boundary conditions (88), the dimensionless potential distribution is obtained as 
follows   ߰כ ൌ ߞכ cosh ሺ߈ݕכሻcosh߈ (89)
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Figure 12 shows the transverse distribution of ߰כ at different values of ߞכ. The simplified 
cases are those pertinent to the Debye-Huckel linearization and the exact ones are the results 
of the Numerical solution of Eq. (86). The figure demonstrates that performing the Debye-
Huckel linearization does not lead to significant error up to ߞכ ؆ ʹ which corresponds to the 
value of about ͷͳ.Ͷ mV for the zeta potential at standard conditions. This is due to the fact 
that for ߞכ ൌ ʹ, the dimensionless potential is lower than 1 over much of the duct cross 
section. According to Karniadakis et al. (2005), the zeta potential range for practical 
applications is ͳ െ ͳͲͲ mV, implying that the Debye-Huckel linearization may successfully 
be used to more than half of the practical applications range of the zeta potential. 
 
 
Fig. 12. Transverse distribution of ߰כ at different values of ߞכ 
3.2 Electroosmosis 
As mentioned previously, there is an excess of counterions over coions throughout the EDL. 
Suppose that the surface charge is negative, as shown in Fig. 13. If one applies an external 
electric field, the outcome will be a net migration toward the cathode of ions in the surface 
liquid layer. Due to viscous drag, the liquid is drawn by the ions and therefore flows 
through the channel. This is referred to as electroosmosis. Electroosmosis has many 
applications in sample collection, detection, mixing and separation of various biological and 
chemical species. Another and probably the most important application of electroosmosis is 
the fluid delivery in microscale at which the electroosmotic micropump has many 
advantages over other types of micropumps. Electroosmotic pumps are bi directional, can 
generate constant and pulse free flows with flow rates well suited to microsystems and can 
be readily integrated with lab on chip devices. Despite various advantages of the 
electroosmotic pumping systems, the pertinent Joule heating is an unfavorable 
phenomenon. Therefore, a pressure driven pumping system is sometimes added to the 
electroosmotic pumping systems in order to reduce the Joule heating effects, resulting in a 
combined electroosmotically and pressure driven pumping. 
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Fig. 13. A parallel plate microchannel with an external electric field  
In the presence of external electric field, the poison equation becomes ׏ଶ߮ ൌ െ ߩ௙ߝ (90)
The potential ߮ is now due to combination of externally imposed field Φ and EDL potential ߰, namely ߮ ൌ Φ ൅ ߰ (91)
For a constant voltage gradient in the ݔ direction, Eq. (90) is reduced to Eq. (84), and thus the 
potential distribution is again given by Eq. (89). The momentum exchange through the flow 
field is governed by the Cauchy’s equation given as ߩ ܦuܦݐ ൌ െ׏݌ ൅ ׏ · τ ൅ F (92)
in which ݌ represents the pressure, ܝ and ۴ are the velocity and body force vectors, 
respectively, and ૌ is the stress tensor. The body force is given by (Masliyah and 
Bhattacharjee, 2006) ۴ ൌ ߩ௙E െ ͳʹ ۳ · ۳׏ε ൅ ͳʹ ׏ ቈ൬ߩ ∂ε∂ߩ൰் ۳ · ۳቉ (93)
Therefore, for the present case, the body force is reduced to ߩ௙ܧ௫, assuming a medium with 
constant permittivity. Regarding that Dܝ Dݐ⁄ ൌ Ͳ at fully developed conditions, we come up 
with the following expression for the momentum equation in the ݔ direction ߤ dଶݑdݕଶ ൌ d݌dݔ ൅ ʹܧ௫݊଴݁ݖsinh ൬ ݁ݖ߰݇஻ ௔ܶ௩൰ (94)
Invoking the Debye-Huckel linearization, the dimensionless form of the momentum 
equation becomes dଶݑכdݕכଶ ൌ െʹΓ െ ߈ଶߞכ ߰כ ൌ െʹΓ െ ߈ଶ cosh ሺ߈ݕכሻcosh߈ (95)
in which ݑכ ൌ ݑ ݑுௌ⁄  with ݑுௌ ൌ െ ߝߞܧ௫ ߤ⁄  being the maximum possible electroosmotic 
velocity for a given applied potential field, known as the Helmholtz-Smoluchowski 
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electroosmotic velocity. It is noteworthy that ߝߞ ߤ⁄  is often termed the electroosmotic 
mobility of the liquid. Also Γ is the ratio of the pressure driven velocity scale to ݑுௌ, namely Γ ൌ ݑ௉஽ ݑுௌ⁄  where ݑ௉஽ ൌ െ ܪଶሺd݌ dݔ⁄ ሻ ʹߤ⁄ . The boundary conditions for the momentum 
equation are the symmetry condition at centerline and no slip condition at the wall. The 
dimensionless velocity profile then is readily obtained as ݑכ ൌ Γ൫ͳ െ ݕכଶ൯ ൅ ͳ െ cosh ሺ߈ݕכሻcosh߈ (96)
Dimensionless velocity profile for purely electroosmotic flow is depicted in Fig. 14. For a 
sufficiently small value of ߈ such as ߈ ൌ ͳ, since EDL potential distribution over the duct 
cross section is nearly uniform which is the source term in momentum equation (94), so the 
velocity distribution is similar to Poiseuille flow. As dimensionless Debye-Huckel parameter 
increases the dimensionless velocity distribution shows a behavior which is different from 
Poiseuille flow limiting to a slug flow profile at sufficiently great values of ߈. This is due to 
the fact that at higher values of ߈, the body force is concentrated in the region near the wall. 
 
 
Fig. 14. Dimensionless velocity profile for purely electroosmotic flow 
Dimensionless velocity profile at different values of Γ at ߈ ൌ ͳͲͲ is illustrated in Fig. 15. As 
observed, the velocity profile for non zero values of Γ is the superposition of both purely 
electroosmotic and Poiseuille flows. Note that for sufficiently large amounts of the opposed 
pressure, reverse flow may occur at centerline. 
Electrokinetic flow in ultrafine capillary slits was firstly analyzed by Burgreen and Nakache 
(1964). Rice and Whitehead (1965) investigated fully developed electroosmotic flow in a 
narrow cylindrical capillary for low zeta potentials, using the Debye-Huckel linearization. 
Levine et al. (1975) extended the Rice and Whitehead’s work to high zeta potentials by 
means of an approximation method. More recently, an analytical solution for electroosmotic 
flow in a cylindrical capillary was derived by Kang et al. (2002a) by solving the complete 
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Poisson-Boltzmann equation for arbitrary zeta potentials. They (2002b) also analytically 
analyzed electroosmotic flow through an annulus under the situation when the two 
cylindrical walls carry high zeta potentials. Hydrodynamic characteristics of the fully 
developed electroosmotic flow in a rectangular microchannel were reported in a numerical 
study by Arulanandam and Li (2000). 
 
 
Fig. 15. Dimensionless velocity profile at different values of Γ  
Let us now pay attention to the thermal features. Note that the passage of electrical current 
through the liquid generates a volumetric energy generation known as Joule heating. The 
conservation of energy including the effect of Joule heating requires     ߩܿ௣ ܦܶܦݐ ൌ ׏ · ሺ݇׏ܶሻ ൅ ݏ (97)
In the above equation, ݏ denotes the rate of volumetric heat generation due to Joule heating 
and equals ݏ ൌ ܧ௫ଶ ߪ⁄  with ߪ being the liquid electrical resistivity given by (Levine et al., 1975) ߪ ൌ ߪ଴cosh ൬ ݁ݖ߰݇஻ ௔ܶ௩൰ (98)
in which ߪ଴ is the electrical resistivity of the neutral liquid. The hyperbolic term in the above 
equation accounts for the fact that the resistivity within the EDL is lower than that of the 
neutral liquid, due to an excess of ions close to the surface. For low zeta potentials, which is 
assumed here, coshሺ݁ݖ߰ ݇஻ ௔ܶ௩⁄ ሻ ՜ ͳ and, as a result, the Joule heating term may be 
considered as the constant value of ݏ ൌ ܧ௫ଶ ߪ଴⁄ . For steady fully developed flow Dܶ Dݐ⁄ ൌݑሺ∂ܶ ∂ݔ⁄ ሻ, so energy equation (97) becomes   ߩܿ௣ݑ ߲߲ܶݔ ൌ ݇ ቆ߲ଶ߲ܶݔଶ ൅ ߲ଶ߲ܶݕଶቇ ൅ ܧ௫ଶߪ଴ (99)
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and in dimensionless form dଶߠdݕכଶ ൌ ሺͳ ൅ ܵሻ ݑכݑ௠כ െ ܵ (100)
with the following dimensionless variables for a constant wall heat flux of ݍ 
ߠሺݕሻ ൌ ܶ െ ௪ܶݍ݇ܪ , ܵ ൌ ܧ௫ଶܪݍߪ଴ , ݑ௠כ ൌ න ݑכdݕכଵ଴ ൌ ͳ ൅ ʹ͵ Γ െ tanh ߈߈ (101)
The corresponding non-dimensional boundary conditions for the energy equation are  ൬ dߠdݕכ൰ሺ଴ሻ ൌ Ͳ ,  ߠሺଵሻ ൌ Ͳ (102)
The solution of Eq. (100) subject to boundary conditions (102) may be written as ߠ ൌ ൤ሺͳ ൅ Γሻ ͳ ൅ ܵݑ௠כ െ ܵ൨ ݕכଶʹ െ Γሺͳ ൅ ܵሻͳʹݑ௠כ ݕכସ െ ሺͳ ൅ ܵሻݑ௠כ cosh ሺ߈ݕכሻ߈ଶcosh߈ ൅ ܽ (103)
in which    ܽ ൌ ൬ ͳ߈ଶ െ ͳʹ െ ͷͳʹ Γ൰ ͳ ൅ ܵݑ௠כ ൅ ܵʹ (104)
The dimensionless mean temperature is given by 
ߠ௕ ൌ ׬ ݑכߠdݕכଵ଴׬ ݑכdݕכଵ଴ ൌ ׬ ݑכߠdݕכଵ଴ ݑ௠כ (105)
and the Nusselt number will be  ܰݑ ൌ ݄ܦ௛݇ ൌ ݍܦ௛݇ሺ ௪ܶ െ ௕ܶሻ ൌ െ Ͷߠ௕ (106)
The complete expression for the Nusselt number is given by Chen (2009) and it is  ܰݑ ൌ ܿସݑ௠כ (107)
where ܿସି ଵ ൌ ͳʹͳͲ ൜ͳͶ ൤ͳͲܿଵ ൅ ͳʹܿଶ ൅ ͳͷܿଷ െ ͵Ͳ߈ଶ ሺܿଵ ൅ ʹܿଶሻ െ ͵͸Ͳ߈ସ ܿଶ൨൅ Ͷ ൤ʹͺܿଵ ൅ ͵ʹܿଶ ൅ ͵ͷܿଷ ൬ͳ െ ͵߈ଶ൰൨ Γൠ൅ ͳʹ ൜ܿଷ sechଶ ߈ ൅ tanh ߈߈ ൤ Ͷ߈ଶ ቀܿଵ ൅ ͸ܿଶ ൅ ͳʹ ܿଶ߈ଶቁ െ ܿଷ ൬͵ െ Ͷ Γ߈ଶ൰൨ൠ (108)
with the following coefficients ܿଵ ൌ ͳͺ ൤ሺͳ ൅ Γሻ ͳ ൅ ܵݑ௠כ െ ܵ൨ , ܿଶ ൌ െΓ ͳ ൅ ܵͶͺݑ௠כ , ܿଷ ൌ െ ͳ ൅ ܵͶݑ௠כ ߈ଶ (109)
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Figure 16 depicts the Nusselt number values versus ͳ ߈⁄  for purely electroosmotic flow. It 
can be seen that to increase ܵ is to decrease Nusselt number. Increasing the Joule heating 
effects results in more accumulation of energy near the wall and, consequently, higher wall 
temperatures. The ultimate outcome thus will be smaller values of Nusselt number, 
according to Eq. (106). As ߈ goes to infinity, for all values of ܵ, the Nusselt number 
approaches 12 which is the classical solution for slug flow (Burmeister, 1993). 
 
 
Fig. 16. Nusselt number versus ͳ ߈⁄  for purely electroosmotic flow 
Unlike hydrodynamic features, the study of thermal features of electroosmosis is recent. 
Maynes and Webb (2003) were the first who considered the thermal aspects of the 
electroosmotic flow due to an external electric field. They analytically studied fully 
developed electroosmotically generated convective transport for a parallel plate 
microchannel and circular microtube under imposed constant wall heat flux and constant 
wall temperature boundary conditions. Liechty et al. (2005) extended the above work to the 
high zeta potentials. It was determined that elevated values of wall zeta potential produce 
significant changes in the charge potential, electroosmotic flow field, temperature profile, 
and Nusselt number relative to previous results invoking the Debye-Huckel linearization. 
Also thermally developing electroosmotically generated flow in circular and rectangular 
microchannels have been considered by Broderick et al. (2005) and Iverson et al. (2004), 
respectively. The effect of viscous dissipation in fully developed electroosmotic heat transfer 
for a parallel plate microchannel and circular microtube under imposed constant wall heat 
flux and constant wall temperature boundary conditions was analyzed by Maynes and 
Webb (2004). In a recent study, Sadeghi and Saidi (2010) derived analytical solutions for 
thermal features of combined electroosmotically and pressure driven flow in a slit 
microchannel, by taking into account the effects of viscous heating. 
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3.3 Streaming potential 
The EDL effects may be present even in the absence of an externally applied electric field. 
Consider the pressure driven flow of an ionized liquid in a channel with negatively charged 
surface. According to the Boltzmann distribution, there will be an excess of positive ions 
over negative ions in liquid. The ultimate effect thus will be an electrical current due to the 
liquid flow, called the streaming current, ܫ௦. According to the definition of electrical current, 
the streaming current is of the form  ܫ௦ ൌ න ݑߩ௙dܣ (110)
where ܣ is the channel cross sectional are and ݑ is the streamwise velocity. The streaming 
current accumulates positive ions at the end of the channel. Consequently, a potential 
difference, called the streaming potential, Φ௦, is created between the two ends of the 
channel. The streaming potential generates the so-called conduction current, ܫ௖, which 
carries charges and molecules in the opposite direction of the flow, creating extra impedance 
to the flow motion. The net electrical current, ܫ, is the sum of the streaming current and the 
conduction current and in steady state should be zero ܫ ൌ ܫ௦ ൅ ܫ௖ ൌ Ͳ (111)
In order to study the effects of the EDL on a pressure driven flow, first the conduction 
current should be evaluated from Eqs. (110) and (111). Afterwards, the value of ܫ௖ is used to 
find out the electric field associated with the flow induced potential, ܧ௦, using the following 
relationship ܧ௦ ൌ ܫ௖ߪܣ (112)
The flow induced electric field then is used to evaluate the body force in the momentum 
equation. It should be pointed out that since there is not any electrical current due to an 
external electric field, therefore, the Joule heating term does not appear in the energy 
equation. 
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